RELATIVE BRAUER GROUPS OF GENUS 1 CURVES 



MIRELA CIPERIANI AND DANIEL KRASHEN 

Abstract. In this paper we develop techniques for computing the relative Brauer 
group of genus 1 curves. We use these techniques to show that the relative Brauer 
group may be infinite (for certain ground fields) as well as to determine this group 
explicitly for certain curves defined over the rational numbers. To connect to previous 
descriptions of relative Brauer groups in the literature, we describe a family of genus 
1 curves, which we call "cyclic type" for which the relative Brauer group can be shown 
to have a particularly nice description. In order to do this, we discuss a number of 
formulations of the pairing between the points on an elliptic curve and its Weil-Chatelet 
group into the Brauer group of the ground field, and draw connections to the period- 
index problem for genus 1 curves. 



1. Introduction 

The relative Brauer group of a smooth projective variety over a field is an obstruction 
to the existence of a rational point on the variety. There are currently few computa- 
tions of relative Brauer groups known explicitly. Particularly important examples are 
the homogeneous varieties, whose relative Brauer groups have been described in detail 
( |MPW96| ). Recently, the first examples of computations for genus 1 curves were given 
in |Han03| in which relative Brauer groups of certain hyperelliptic curves were described. 
In this paper, we discuss a framework for relative Brauer group computations, give a 
number of applications, and give some particular examples of relative Brauer groups. In 
one of these examples we reproduce an example from |Han03| and in others give new 
example with genus 1 curves of very different forms. In a future paper joint with M. 
Lieblich, the second author will show how the more general problem of index reduction 
for a genus 1 curve may be reduced to the problem discussed in this paper of computing 
the relative Brauer group. 

The algorithms described in section [3] for computing relative Brauer groups have been 
implemented (in certain cases) as a Macaulay2 |M2| package, freely available at the 
second author's webpage |Kra07| . This package uses pari as well [par] , and may be used 
to produce examples of relative Brauer groups for certain homogeneous spaces of elliptic 
curves defined over Q. Some of the examples in this paper were produced using this 
program. 

1.1. Organization of the paper. This paper is composed of two main parts: section 
El which gives a relates pairings in various formulations to the relative Brauer group and 
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period index problem, and section [3j which is concerned with explicit computations of 
relative Brauer groups. 

We now give a brief outline of the different pairings which appear in section [2] and when 
they are used. In section I27T1 we give a pairing based on a map a, and relate this both to 
the relative Brauer group and to the period-index problem. This pairing is the one used 
in section [3l In sections [2721 and [2731 we explain why this pairing agrees with a pairing due 
to Tate, and give an alternate formulation of Tate's pairing. This alternate formulation 
allows us in section 12711 to show that the relative Brauer group may be infinite. In section 
12.51 we introduce another well known version of Tate's pairing and use this formulation 
to show in section 12.61 that it takes a particularly nice form for the homogeneous spaces 
of "cyclic type," which we define in that section. This gives an explanation for the form 
of the answers which had previously arisen in [Han03j. 

1.2. Conventions and notation. Throughout the paper we will consider an arbitrary 
ground field k, and we will denote by k a fixed separable closure. G will denote the 
absolute Galois group Gal{k/k). For a /c-scheme X, we let X denote X x Spec ( fc ) Spec(A;). 

For an algebraic group A/k, the abelian group A(k)) parametrizes principal 

homogeneous spaces for A (see for example |Ber02j). 

For a fc-scheme X, we define the index of X to be 

ind(X) = gcd{[E : k]\E/k is a finite field extension and X{E) ^ 0}. 

In the case that X is a genus 1 curve, it follows from |Lic68| that this coincides with the 
same gcd taken only over degrees of separable field extensions. 

For a smooth projective variety X, we denote its Picard group by Pic(X) and its 
picard variety by ^icx- We let Pico(X) denote the subgroup of Pic(X) consisting of 
those divisor classes which are algebraically equivalent to 0. The fc-points of &icx are 
described as ^Picx(k) = Pico(X) G , and in general, £Picx is the sheafification of the 
Picard functor 

S H-> Pic (X Xspec(fc) S) 

with respect to the etale topology. 

For a /c-scheme X, we let Br(X) denote the Brauer group of equivalence classes of 
Azumaya algebras, and for a ring R, we write Br(i?) for Br(Spec(i?)). In the case X 
is a smooth and quasiprojective variety, we may identify Br(X) = H 2 (X,G m ) by the 
result of Gabber/deJong (see |d.J|). and we have an injection Br(X) Br(/c(X)) (see 
|Gro68al IGro68bl IGro68c| - unless specified otherwise, all cohomology groups are to be 
interpreted as etale cohomology). Given a morphism Y — > X, we define the relative 
Brauer group, written Br(Y/X) the kernel of the pullback map Br(X) — > Br(Y). 

We introduce the following unusual notation: if x G X{k) is a smooth point on a 
scheme X, we let Br(X, x) denote the subgroup of the Brauer group Br(X) consisting 
of classes whose specialization at x is trivial. In other words, it is defined by the short 
exact sequence: 

-> Br(X,x) -> Br(X) -> Br(Jfe) -> 

a i — ► a\ r 
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2. The relative Brauer group and pairings 
2.1. The relative Brauer group, period and index. 

Theorem 2.1.1. Let C be a genus 1 curve over k. We have an exact sequences: 



_> Pic C - ^ic C(k) ^ Bv(k(C)/k) -> - 0, 

-> PicC -> ^icL7(A;) % Bi(k(C)/k) -> 0. 

Proof. The second of these sequences is quite well known. The full proof of this will 
be given in somewhat more generality below - in particular the second sequence in the 
proposition is a special case of sequence PJ), and the first sequence is the middle row of 
diagram (j2J). The first exact sequence occurs also implicitly in |Ols70] . in the discussion 



following theorem 8. □ 

Although this theorem is not new, for our applications it will be useful to give a self 
contained explanation which allows us to obtain information about the map ac- In 
particular, in section 13.11 we will give an explicit formula for computing the map ac, 
which will allow us to determine Br(k(C)/k) for particular curves C. 

Let X be a smooth projective variety defined over k. Suppose that X is geometrically 
irreducible - i.e. X is irreducible. Let K be the function field of X, and K = Kk, 
the function field of X. Let NS(X) be the Neron-Severi group Div(X)/ Div (X). We 
will argue using a collection of exact sequences and diagrams which have appeared with 
many variations throughout the literature (for example in |Ols70| ). Consider the following 
diagram with exact columns and rows: 

(1) 

III 
— - K*/T — - Divo(X) — - Pico(X) — - 

III 

— - K*/V Div(X) Pic(X) 

| l_ l_ 

NS(X) NS(X) 

III 


Note that H°(G, Pic (X)) = Pic (X) G = &>ic x (k), and that Pic (X) = &>ic x (k). 
When examining the long exact sequences in Galois cohomology arising from this dia- 
gram, we find maps ^Picx(k), Pic(X) G — > H l {G,K jk ). From the exact sequence: 

-»• k* -> K* -> T/t -> 0, 

we may identify (using Hilbert's theorem 90), 

H\G,K*/k*) = ker ( Br(fc) -> Br(X/X)) = Bv(K/k) = Br(X/k). 
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We define ax to stand for the induced maps 

a x : Pic(X) G -> Br(X/k) or 

a x : ^ic x (A;) -> Br(X/k). 

We will often write these simply as a when the variety X is understood. The following 
subgroup of the relative Brauer group will be of particular relevance: 

Definition 2.1.2. Let Br (X/£;) = a(^ic x (k)). 

We define in NS(X) G two sub groups i(X),p(X) as follows: 

%{X) = im (Div(X) -> NS(X) G ) = im (NS(X) -> NS(X) G ) 

p(X) = ker ( NS(X) G -> if 1 (A;, Pic*(jfe)) 

We define d. ind(X), the "divisorial" index group of X to be NS(X) G /z(X), and we define 
per(X), the period group of X to be NS(X) G /p(X). These groups have been defined and 
studied independently by Peter Clark (see |Cla| ). It follows from the sequences above 
that the equality per(X) = d. ind(X) is equivalent to exactness of: 

-> NS(X) -> NS(X) G -> Picjf (jfe)). 

Note that if X is a curve, these groups are both cyclic, with | d. ind(X)| equal to the the 
index of the curve and | per(X)| equal to the period of the curve. That is, 

|d.ind(X)| = gcd{[L: k\\X{L) ^0} 

and | per(X)| is the order of the homogeneous space [^ic^] E H\k, mc x {k)) - it follows 
from [ Lic 69] that the map NS(X) G = Z — > H 1 ^, Picx(k)) sends 1 to the homogeneous 
space <^ic^. In case X is a curve, we will often abuse notation and write per(X) and 
ind(X) in place of the order of these groups | per(X)|, | d. ind(X)|. 

Lemma 2.1.3. H l (k, Div(X)) = 0. 

Proof. This follows from the observation that the natural free Z-basis of Div(X) is per- 
muted by the action of the Galois group. □ 

Using lemma l2T.3l and tracing through long exact sequences coming from diagram (Dp), 
we get: 

(2) Pico(X) (Pic (X)) G Br (X/A;) 

III 



Pic(X) (Pic(X ¥ )) G Br(X/fc) 

J | I 

i(X) p(X) 

III 




Br(X/fc) 
Br (X/fc) 



Using the snake lemma, we get the exact sequence of cokernels (since Br (X//c) injects 
into Br(X/% 
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i(X)^p(X) 



Br(X/k) 
Br (X/k) 








(4) 



-> Pic (X) -> ^ic x (fc) -> Br(X/Jb) 



d. ind(X) 
per(X) 



0. 



Remark 2.1.4. VFe no£e t/iat these expressions bear resemblance to |Ols 70j. theorem 8, 
except for the fact that our presentation is in terms of divisors and Olson's is in terms 



Corollary 2.1.5. Suppose X is a curve with ind(X) = per(X). Then the map a is 
surjective. 

Since the Hasse principle holds for elements of Br(k) for k global, we obtain infor- 
mation about d. ind(X) and per(X) from local data. In particular, we have a simple 
generalization of a result of (see |Cas62| . [O'N02j, see also |Cla06| ). the proof being an 
adaptation of the ideas of |O'N02| and |Cla06| to the present context. This may also be 
seen as a "divisorial" analog to |Ols70j . corollary 16. 

Corollary 2.1.6. Suppose k is a global field, and let X/k be a smooth projective variety. 
Then if X v (k v ) ^ for all but possibly one valuation v on k, then per(X) = d. ind(X). 

Proof. It suffices to see that these conditions force the relative Brauer group of X to be 
trivial. If a G Br (X/k), we note that a^ v G Br(Xk v /k v ) for every valuation v. By the 
hypothesis and by lemma |2~. 4 .51 we have a^ v = 0. This means that all except possibly one 
of the Hasse invariants of a vanishes. But by reciprocity, the sum of the Hasse invariants 
is implying that a = 0. □ 

This immediately implies the result of Cassels |Cas62| : 

Corollary 2.1.7. If £ is an elliptic curve and C G HI(£), then C satisfies the above 
criterion, and hence must have index equal to period. 

The map ac may be interpreted in a variety of ways, particularly in terms of pairings. 
Let £ be an elliptic curve over k. Given an element 7 G H x (k, £(&)), let £ 7 be a choice 
of a principal homogeneous space in the class of 7. We may define a map of sets 



A priori, this is only a map of sets which is a homomorphism in the second variable. A 
result of Lichtenbaum ( |Lic68| ) shows, however, that this agrees with a bilinear pairing 
due to Tate. 



of 0-cycles. 



♦ 



H l (k,E(k)) x £(jfe) -> Br(fc) 
(7,p) 1 ^ o £7 (p) 
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2.2. Tate's pairing. Let us now recall Tate's pairing. Although our description is not 
exactly the standard one, the equivalence the two definitions is not hard to show (in 
particular, ours is a slight reformulation of the description given in |Lic68| ). Let A/k be 
an abelian variety, and let B = B^'ica be the Picard variety of A. We will define a pairing 

H 1 {k,A(k))® z B(k) ->Br(fc) 
7 ®p i-> (j,p) 

Denote by Z(A) the group of O-dimensional cycles on A^ of degree 0, and by Y(A) the 
Albanese kernel of A defined by the exact sequence: 

-> Y(A) -> Z{A) -> A(k) -> 0. 

Let .D C Axi? be a Poincare divisor. We define Z(A)jr d (respectively Y(A)m D ) to be the 
subset of Z(A) (resp. Y(A)) of elements a, such that \a\ x 5 transversally intersects D, 
where |a| is the support of a. Note that there is a well defined map Z(A)j^ D — > Div(B) 
given by a t— > ttb(oi PI D). Since this agrees with the cycle theoretic map (ttb)*(& ■ D), it 
follows that images of elements in Y(A)j^ D are rationally equivalent to 0. In particular 
we get a map Y(A)j^ D — > Prin(y4), the group of principal divisors on A. 

To define the Tate pairing, we start with a class 7 G H 1 {k, A{k)) = H x {k : A), and 
let a G H 2 (k, Y(A)) be its image under the connecting homomorphism. Choose a rep- 
resentative cochain a for a and let D be a Poincare divisor transversal to \a\. We may 
construct a cocycle (3 G H 2 (k, Prin(S)) by applying the map n B ( _ fl D) to a. Writing 
Prin(5) = k(B)*/k , it turns out that for every p G -B(&), the element (3 may be lifted 
to a cocycle 6(7) G H 2 (k, k(B)*) representing an element of the Brauer group of k(B) 
unramified at p. The pairing is then defined by (j,p) = 6(7) | p . 

Proposition 2.2.1. The Tate pairing agrees with the one described after theorem \2.1.1\. 
i.e. if £ is an elliptic curve, 7 G H 1 {k 1 £(&)), and p G £(fc), then (j,p) = flg 7 (p). 

Proof. The statement that these coincide is proved in |Lic68| . pages 1213-1216. Since it is 
not stated as a theorem in this paper, we note that on page 1213 of |Lic68| . Lichtenbaum 
defines the pairing due to Tate, on page 1215, he defines the pairing coming from a, and 
in pages 1215-1216 proves that these coincide. □ 

2.3. Alternative formulation of Tate's pairing. Let A be a smooth projective curve 
over k. We also give another description of the Tate pairing which will be useful for us 
using the well known identification of H 1 ^, &icx(k)) with a subgroup of Br(X) in the 
case X(k) ^ 0. 

Theorem 2.3.1. There is a natural isomorphism A : H l {k, £Picx(k)) —> Br(A, x), and 
in the case that X = £ is an elliptic curve, and x = 0g is the origin of the curve, the 
map 

H\k,E(k)) x £(jfe) ^Br{k) 
(a,p) 1— ► A,{a) \ p 

coincides with the Tate pairing. In other words, A(a)\ p = (a,p) = ae a (p). 
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One useful consequence of this formulation is the following result, which essentially 
says that a nontrivial homogeneous space may always be detected by its relative Brauer 
group, at least after extending the ground field: 

Corollary 2.3.2. Suppose [C] G H l (k, £(&)), and let x G £(&(£)) be the generic point of 
£. Then the class {[C]k(£)i x } £ Br(A;(£)) is unramified and hence lies in Br(£). Further, 
A' 1 ([C] m ,x) = [C]. In particular, if [C] ^ 0, then ^ ([C] m ,x) G Br (C k(E) /k{£)), 
and so Br (C fc(£) /A;(£)) ^ 0. 

Remark 2.3.3. In fact, using theorem \2.3.1\ to relate this to the map a, corollary \2. 3.2\ 
implies that Br (Cfc(£)//e(£)J 7^ (recall the definition o/Br from definition } 2.1.2]) . ♦ 

The proof of theorem 12.3.11 will make use of a couple of cohomological lemmas: 

Lemma 2.3.4. (1) Div (X)) — > H l (k,D'w(X)) is a split injection for i > 0. 

(2) H\k } &>ic x (k)) = H\k, &>ic x (k)) = H\k, Pic(X)). 

Proof. We use the fact that the existence of a rational point x G X{k) makes the following 
short exact sequences split exact: 

-> Div (X) -> Div(X) -> Z -> 
-> ^icx(^) -> Pic(X) -> Z -> 0, 

and the results follow immediately from the long exact sequences in cohomology and the 
fact that H 1 ^, Z) = Hom c (G, Z) = 0. □ 

Lemma 2.3.5. Suppose X is a curve over k with x G X(k). Then the natural map 
H l (k, G m ) — > H l (k(X), G m ) is infective for % > 0. 

Proof. Consider the local ring Ox,z of £ in X. Since the map — > may be factored 
as — > Ox, x —> k(X), it is enough to show that the map r : H z (k, G m ) — > H l (Q x ,x, G m ) 
is injective and that imr is not in the kernel of H l (O x ,x, G m ) — ► H l (k(X),G m ). 

Injectivity of the map r follows immediately since the map H l (k, G m ) — > H l (Ox,x) has 
a splitting defined by pullback with respect to the inclusion x X. 

Since x is a smooth point of X, we have an exact sequence 

-> 0^^ ^fc(X)* -> z -> 0, 

and by choosing a generator n G O x ,x of the maximal ideal m XiX , we get a splitting of 
the above sequence sending 1 G Z to 7r G k(X)*. In particular, this shows that the 
induced map on the Galois cohomology H l (k,0^ ) — > H z (k,k ) is injective. But we 
may identify H l (k, 0^ ) with the subgroup of H l (Q X x , G m ) corresponding to the etale 

cover Spec(0^ x ) — > Spec(Ox,a;)- Since every cycle in H l (k, G m ) is split by the cover k/k, 
this says that the map H l (0 XiX , G m ) — > H l (k(X), G m ) is injective when restricted to the 
image of r as desired. □ 

Let us now describe the construction of the map A. Although this could be done more 
compactly using the Leray-Serre spectral sequence, it will be useful to construct it more 
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* Prin(X) >- Div (X) ^ic x (k) - 











Prin(X) 



Div(X) 



Pic(X) 



0. 



Using the long exact cohomology sequences associated to these short exact sequences 
([5]) and lemmas [2.3.41 and 12.1.31 we obtain an exact sequence: 

(6) -> H\k, &>ic x ) -> H 2 (k, Prin(X)) -> H 2 (k, Div(X)). 

From the short exact sequence 

■ k(X)* -> Prin(X) -» 0, 



-> jfe 

we find an exact sequence 

(7) H\kX) -> H 2 {k,k{X)*) 



H 2 (k, Prin(X)) -> # 3 (£;, fc*) -> # 3 (A;, 



Using lemma [2.3.51 and using Tsen's theorem to show H 2 (k, k(X)*) = H 2 (k(X),G r , 
Br(/c(X)), we get a short exact sequence: 

-> Br(Jfe) -> Br(Jfe(X)) -> # 2 (£;, Prin(X)) 



(8) 



0. 



Recall that the map k(X) — > Div(X) induces a map ram : Br(k(X)) — > H 2 (k, Div(Jf)) 
called the ramification map, and ker (ram) = Br(X). Let us denote the kernel of 
H 2 (k,Pim(X)) -> # 2 (£;,Div(Z)) by H 2 r (k, Prin(X)). Then we have a diagram with 
exact columns and rows: 




I 

Br(fc) 
Br(fc) 

1 

-^0 — 





I 





I 

H 2 r (k,Pim(X) 
I 

■H 2 (k, Prin(X) ■ 
I 

■-H 2 {k, Div(X)) ■ 



Br(X) 

I 

I 

>H 2 {k,Dw{X)) = 

Since X has a rational point x G X(fc), the exact sequence on top is a split injection, and 
we may write H 2 r (k, Prin(X)) = Br(X,x). Using sequence ((6]) to say H 1 ^, &icx(k)) = 
H 2 r (k, Prin(X)), we therefore obtain a split exact sequence: 

(9) -> Br(Jfe) -> Br(X) -> Br(X, x) S F 1 ^, ^ic x (£;)) -> 0. 

Remark 2.3.6. Ws may describe the isomorphism A : H 1 ^, £Picx(k)) — > Br(X, x) 
compactly as follows: Given 7 G H x {k : ^Picx(k)) = H 1 ^, ^Picx), consider the short 
exact sequence on the top row of ([5]j and tafce i/ie image of 7 under the connecting 
homomorphism. This is an element^ G H 2 (k, Prin(X)) = H 2 (k, k(X)* jk ). TTie con- 
tent of the argument above is to say that we may lift 7 to an unramified class A(j) in 

H 2 (k,k(xy). ♦ 
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proof of theorem \2.3.1[ It is not hard to check that the operation tt b ( _ n D) gives a 
commutative diagram of sets: 



(10) 


o — 


Prin(£) 


— Divo(fi) — 


- A(k) - 


^0 






t 


t 










- 

f 


f 


^A(k) 






o — 


— Y(A) 


— Z(A) — 


- A(k) - 





where the top and bottom rows are exact sequences of abelian groups with Galois action. 
The pairing of Tate uses the connecting homomorphism from the bottom of diagram ( fTOl ) 
on elements which lie in the middle row, while the pairing using A uses the connecting 
homomorphism on the top of the diagram. The result therefore follows immediately from 
commutativity of the diagram. □ 

2.4. Application: How big is the relative Brauer group? The following result is 
an elementary consequence of the theorem of Lang and Neron |LN59| . and is known by 
the experts. 

Proposition 2.4.1. Suppose that X is a variety defined over a field k which is local or 
finitely generated over a prime field. Then Bv(k(X) / k) is finite. 

Proof. In the case that k is local this is immediate from |Roq66| , theorem 1. If k is finitely 
generated over its prime field, one knows by |LN59| that Bicx{k) is a finitely generated 



group. Since the map Ox : Bicx{k) — > Bx{X/k) is a surjective map, this implies Br(X/k) 
is finitely generated. But since Br(X/k) is also a torsion group, this immediately implies 
it is finite. □ 

Proposition 2.4.2. Suppose that £ is an elliptic curve defined over a field k, and suppose 
C is a nontrivial homogeneous space over £. Then there exists a field extension L/k (not 
necessarily finitely generated) such that the relative Brauer group Bv(L(C) / L) is infinite. 

We'll use the following lemma, due to Nishimura |Nis55| : 

Lemma 2.4.3. Suppose X and Y are schemes over k such that Y is proper, Y(k) = 0, 
X is irreducible and x G X(k) is a smooth point. Then Y(k(X)) = 0. 

Proof. The proof proceeds by induction on dim(X). Suppose that Y(k(X)) ^ 0. Then 
there is a rational morphism <f> : X — - > Y. If dim(X) = then x = X and <p gives 
an element of Y(k), contradicting our hypothesis Y{k) = 0. For the general induction 
step, let X by the blowup of X at the point x and let E C X be the exceptional divisor. 
Since the map may be defined in a set of codimension at least 2 and in particular, by 
restricting this morphism to E, we obtain a rational map E --■» Y . Since E = p dim W- 1 ) 
E contains a smooth fc-point and is irreducible. Therefore by letting E take the role of X, 
the induction hypothesis implies Y(k) ^ 0, contradicting our hypothesis and completing 
the proof. □ 

One consequence of this fact is that index of projective varieties is not changed by such 
field extensions: 
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Corollary 2.4.4. Suppose Y is a projective variety, and X is a variety with a smooth 
rational k-point. Then indY = mdY k ^ X )- 

Proof. For a positive integer n, let Y™ be the Hilbert scheme of n points on Y . Since this 
is a projective variety, lemma [2A3] tells us that Y [n \k) ^ if and only if Y [n \k(X)) ^ 0. 
Since the index of Y may be thought of as the gcd of the set of positive integers n such 
that F' n l has a rational point, we obtain indF = mdY k ( X )- D 

The following useful corollary is well known: 

Corollary 2.4.5. Suppose X is a scheme defined over k with a smooth point x G X. 
Then the restriction map Br(fc) — > Br(k(X)) is injective. 

Proof. Recall that for a central simple algebra A over a field F, A is split if and only 
if the associated Severi-Brauer variety SB a has an F-point [Sal99|. Therefore, if A is a 
central simple k algebra with [A] ^ in Br(fc), then the variety SB a has no fc-points. If 
the algebra is split by k(X) then this implies SB a does have a point over k(X). Since 
SB a is a proper variety, this would contradict lemma 12.4.31 Therefore we must have 
SB A (k(X)) = and [A] k(x) £ 0. □ 

Lemma 2.4.6. Suppose C is a homogeneous space for an elliptic curve £. Then if L = 
k(E), there is a Brauer class a <E By(Cl/ L) and an injection Br(C/fc)© (a) •— > Bt(Cl/L). 

Proof. Let r\ G £(L) be the generic point, and let a = <Xc(v)- By lemma [2.4.31 the map 
Br(k) — > Br(L) is injective. By theorem 12.3.11 and corollary 12.3.21 the element a is the 
restriction of the Brauer class A{C) G Br(£,0£) C Br(£) to the generic point rj G £, and 
a 0. 

Using the sequence Q, we may write Br(£, 0g) © Br(k) = Br(£) <— > Br(L). In par- 
ticular, since a G Br(£, 0g) and Bv(C/k) C Br(/c), the groups (a) and Br(C/k) do not 
intersect considered as subgroups of Bt(Cl/L) C Br(L). In particular, we obtain an 
injection Bv[C/k) © (a) Br (Cl/L) as claimed. □ 

proof of \2.4-%\ Suppose C is a homogeneous space of index n. We will begin by reducing 
to the case that n is prime. This is not essential for the result, but helps the exposition 
of the proof. Let p be a prime divisor of n, and let F'/k be a prime to p closure of k. 
Note that C(F') = still with ind{C' F ) = p k . Since every field extension has degree a 
power of p, we have 

ind(CV) = gcd{[£ : F']\C(E) ^ 0} = min{[£ : F'\C{E) ^ 0}. 

Consequently there is a field E/F' of degree p k with C(E) ^ 0. Since F' is prime 
to p-closed, it follows that there is an intermediate field extension F' C F C E with 
[F : F'] = p fc_1 . Consequently, Cf has index exactly p. 
We will construct a chain of field extensions of F, 

F = L C Li C L 2 C • • • , 

such that (Z/p) 1 C Br(C*L i /L i ), and Br(C , L i _ 1 /L i _i) injects into By(ClJ LA. Assuming 
that this has been done for i — 1, we define to be the function field Lj_i(C). By lemma 
I2A61 there is an a G Br(L i (C)/A) such that Br(L i _ 1 (C)/L^ 1 ) © (a) ^ Br(L i (C)/L i ). 
Since the index of is p, (a) = Z/p, and the induction step follows from the fact that 
(Z/p) i - 1 cBr( J L i _ 1 (C)/L i _ 1 ). 



RELATIVE BRAUER GROUPS OF GENUS 1 CURVES 



11 



Let L = limLj = UjLj. Clearly the natural restriction map Br(Lj) — * Br(L) maps 

Br(Lj(C)/Lj) to Bt(L(C)/L). I claim that this map is injective. Arguing by contra- 
diction, let us suppose there is an a G Br(L i (C)/Lj) with at = 0. If A is a central 
simple algebra in the class of a, then this says that the Severi-Brauer variety SB a has an 
L-rational point |Sal99| . With respect to some projective embedding of the variety SB Al 
this point has a finite number of coordinates, which must therefore lie in some field Lj, for 
a sufficiently large integer j. But this means SBa{Lj) ^ and so Lj splits A. This implies 
that Oi t = 0. But this contradicts the injectivity of Br(Ci i — > Br(C^/Lj). 

We therefore have U Br(L i (C)/L i ) C Br(L(C)/L), which implies (Z/p)°° C Br(L(C)/L) 
as desired. □ 

2.5. Yet more pairings. Let G be a profinite group and suppose we have exact se- 
quences of G-modules: 



^ A^ B ^ 

-> A' -> 5' £ C" -> 

In this section we will construct a pairing 

ff^G, .B)[0] ® H (G,C')/(imH°(G, B')) — > H 2 (G, A <g> A') 

This will be particularly useful in the case that and 0' are dual isogenics on elliptic 
curves. At the end of this section we will consider the case that both and 0' are 
multiplication by n, and in the next section we will examine isogenics with cyclic kernels. 
The following lemma is the main tool for showing that these pairings are well defined. 

Lemma 2.5.1. Suppose c G H°(G,C) and d G H°(G,C'). Then the cup product 5cU 
5d G H 2 {G, A®iA') is zero, where 5 here represents the connecting homomorphism from 
the short exact sequences. 

Proof. We will show this concretely by explicitly constructing a 1 chain whose boundary 
is this cycle. Using the bar resolution, and choosing specific representatives for c, d, we 
may write for a, r G G: 

-5c U 8c'(a, t) = 5c(a) <g> a(5c'(r)) 

= (a(c) -c)®a{r{d) - c) 

= a{c) ® er(c') + (a(c) <S> ar(c') + c <g> a(c) - c <g> o-t(c')^ 

If we define A, fi : G — > A <g> A as X(a) = a(c ® c'), and /i(er) = c <8> cr(c'), then we obtain 
chains in C 1 (G, A ® A'), and computing boundaries, we have 

Sfi(a, t) = a(/i(r)) - /j,(ar) + fi(cr) 

= er(c <g> r(c')) - c <g> err(c') + c <g> cr(c') 

and a similar, easier computation shows 5A(cr, r) = cr(c) ® cr(c'). In particular, 

5(— A — /i) = 5c U 5c , 

and so 5c U 5d is in group cohomology. □ 
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For a morphism <fi : M — > N of G-modules, we will use the notation M[<j)] to denote 
the kernel of <p. 

This lemma allows us to construct pairings as follows: 

Lemma 2.5.2. 

^ B ^ 

-> A' -»■ fl' ^ C" -»• 

T/ien £/ie cwp product H l {G, A) ®i H 1 ^, A') — > H 2 (G, A ®% A') defines natural pairing: 

H\G, B) [0] ® z #°(G, C")/(im £')) -> H 2 (G, A ® z A') 

b®c' i-> a U 5c', 

where a G H 1 (G, A) is a preimage ofb. 

Proof. To show that the above gives a well defined pairing, we need only show that the 
definition given does not depend on the choice of preimage a. To show this it suffices to 
show that if a maps to in H l {G, B), then it pairs any element trivially. But by the long 
exact sequence, if a maps to 0, we may write a = 5c, and by lemma l2~.5. 11 5c' U a = 0. □ 

One application of this arises from the Kummer sequence on an elliptic curve. In the 
case where both exact sequences in corollary are equal to 

-> £[n] -> £ -> £ -> 0, 

we obtain a pairing /3 : E(k)/n x H x {k : £)[n] — > H 2 {k, £[n] <S>z £[«]), and composing with 
the Weil pairing w : £[n] x £[n] — > /x n , we get a pairing 

w/3 : £(fc)/n x WC(£)[n] -> H 2 (k^ n ) = Br(k)[n] c Br(/c). 

Proposition 2.5.3. Lei £ 6e an elliptic curve over k. Then the pairings 

up and ( , ) : £(&) x WC(£) -> Br(/c) 

coincide. 

Proof. See |Bas72j . □ 

2.6. Cyclic homogeneous spaces. Let £ be an elliptic curve over k. We call a finite 
Galois submodule T C £ cyclic if it is cyclic as an abstract group. In other words, T is 
a closed reduced subscheme of £ such that T(k) is a cyclic subgroup of £(&). 

Definition 2.6.1. Let C be a homogeneous space for £ of period n = per(C). We say 
that C has cyclic type if its cohomology class in H 1 ^, £) may be represented as the 
image of a cocycle 7 G H 1 ^, T) where T C £ is a cyclic submodule of order n. 

The following observation shows that cyclic homogeneous spaces are somewhat special: 

Proposition 2.6.2. Suppose C is a cyclic homogeneous space for £. Then per(C) = 
ind(C). 
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Proof. Choose a particular Galois cocycle 7 G Z 1 (G, T) representing C. We may describe 
C as £ equipped with the new Galois action a ■ p = a(p) © 7(0"). Let (p : £ — > £' be 
the isogeny with kernel T. Consider the isogeny 0c 1 : C — > £ given after the above 
identification by fc. We claim that this descends to give a morphism C — >• £. To see 
this we need to check a((f)(p)) = 4>(o~ ■ p). But since 7(a) G T = ker (</>), we have 

0(<r ■ p) = <f)(a(p) © 7(0-)) = <f>(a(p)) © 0(7(0)) = <f>Hp)) = <r{4>ip))- 

Now, since we have an to 1 etale cover C — > £, the preimage of the origin in £ gives 
a separable point in C of degree n over k, and therefore ind(C)|n = per(C). But since 
per(C)| ind(C) holds for any curve C, these must be equal. □ 

Given any finite Galois submodule T C £, we obtain an isogeny 0— s>T^£-^£'— >0 

for an elliptic curve £' and a dual isogeny — ► T' — > £' — > £ — * 0. If z : T — > is 
the natural inclusion, it is easy to see that we obtain a commutative diagram with exact 
rows: 



(11) 




and we may also obtain a second commutative diagram with exact rows: 
(12) -£M -£^-£ -0 




which by the snake lemma gives a short exact sequence 

(13) O^rAE^T'^O. 

where i is induced by the natural inclusion and p is induced by the map (j). 

Proposition 2.6.3. Suppose that T C £ is a cyclic submodule of order n, and let £', T 
be as above. Then there is a natural isomorphism of G-modules: 

t® z r = fi n . 

Proof. We have a non-degenerate Weil pairing (see [Sil99|): 

(14) £[n] ® z £[n] -»• p n . 

Since this pairing is alternating, we have (T, T) = 0, and so we have an induced non- 
degenerate pairing T® z E[n]/T — ► fj, n . But by equation (jT3j) , we obtain a nondegenerate 
pairing T ©^ T' — > /j, n . Since this is clearly an isomorphism ignoring the Galois action, 
this gives an isomorphism of Galois modules T ®z T' = \i n as desired. □ 
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Now, suppose E/k is an elliptic curve, and T C £ is a cyclic submodule of order n. 
If we denote the Weil pairing E[n] ® z E[n] — > \i n by uj, we have via proposition 12.6.31 a 
pairing To : T' ®i T — > /i which may be explicitly described as oJ 
where i,p are as in equation ( TT3l ). 

Consider the pair of exact sequences 

0^T^£^£'^0 
O^T' ^£'^£^0 

coming from the isogeny with kernel T and its dual isogeny. These sequences of Ga- 
lois modules induce by lemma 12.5 .21 a map E(k) <g> H 1 (k, £)[</>] H 2 (k,T' <g> T) 
H 2 (k,n n ). The Kummer sequence £[n] — » £ A £ — >• similarly induces a pairing 

£(A;)® J ff 1 (A;, J E;)[n] A # 2 (A;, £[n] ®z £[n]) A # 2 (A;, //„). 

Lemma 2.6.4. T/ie pairings above are compatible in the sense that we have a commu- 
tative diagram: 

E(k) ® if 1 ^, £)[0] * # 2 (£:, T' <g> T) F 2 (A;, 



£(fc) ® ^(fc, £)[n] — H 2 {k, E[n] ® E[n}) 



H 2 (k,fi n ), 



where the vertical arrow on the left is the natural inclusion. 

Before proving this lemma, we will derive the following consequence: 

Theorem 2.6.5. Using the notation E,T,T',E' as above, Suppose C is a cyclic homo- 
geneous space for E given by a cocycle 7 G H 1 (k,T). Let 7 G H 1 (k, E)[(j)] be the image 
0/7. Then for p G E{k), dc(p) — a (Pil)- I n particular, we have a surjective map to the 
Brauer group which factors as: 



E{k)/E'{k) 



Br(E/k) 



H\k,T') 



U7 



Proof. This follows from proposition 12.5.31 together with lemma 12". 6 .41 and corollary 12.1 .51 
The final sequence comes directly this description of the map ac combined with theorem 
I2TH □ 



proof of lemma \2.6.^\ Choose x G E{k) and 7 G H 1 ^, £)[</>]. Denote by jr,jn the inclu- 
sions of the submodules T and E[n] into £. By lemma l2".5.2l a(x. 7) = S^'XUjx' ^, where 
dp is the connecting homomorphism for the long exact cohomology sequence arising from 

-»• T -> £' ^ £_-^ 0, and p{x, 7) = 5 n x U j n ~ 1 ^. 

Choose y G E(k) with [n]y = x. By the commutativity of diagram ( fT2i ). z = <j)(y) 
satisfies (j>'(z) = x. Therefore we may compute dp (a) = a(z) — z,S n (a) = o~(y) — y for 
o~ G Gal(k). Further, if we choose 7' G ff 1 (T) with jr(Y) = 1, we have by commutativity 
of diagram [TT] that jniil') = 3t{Y) = 7- We may now compute: 
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uj(oc(x®^)((j,t)) = w((fyiUj r 1 7)(cr,r)) 

= uj((a(z)-z)®a(i(r))) 

= - <f>y) ® 

= u((<j)((ay)-y))®(j(y(T))) 
since p is induced by 0, this is equal to 

= uj((p{(ay)-y))®a(l'(T))) 
= u((a(y) - y),ia(j'(r))) 
= uj((a(y) -y),a(iy(r))) 
= aj((5 n xUj~ 1 ^)(a,r)) 
= a;(/3(x,7)(o-,r)) 

□ 

3. The Brauer obstruction map ac for genus 1 curves 
Let £ be an elliptic curve over k given on an affine patch by the equation: 

y 2 + aixy + a 3 y = x 3 + a 2 x 2 + a^x + a 6 

Let E/k a 67-Galois extension (which is no longer assumed to be the entire Galois 
group), and let 7 G Z 1 (G, E(E)) be a 1-cocycle (crossed homomorphism) representing a 
homogeneous space C/k for E/k. That is to say, as G varieties, Ce is isomorphic to Ee 
with the Galois action a 1 = © 7 ( CT ) o a, where by © p we mean the automorphism of the 
elliptic curve given by addition by p G E. This means, for example, that for p G E(E), 
we have cr 7 (p) = 7(0") © cr(p). With this in mind, we represent points in C(E) by points 
in E(E), just with a different 67-module structure. 

For a function / G E(X), where X is a 67- variety, we have an action of o G G on / by 
cr(f) — a o f o cr _1 where the a -1 is the action on X and the a is induced by the action 
on E. In particular, if we identify E{C) with E(E) with a twisted action, we may write 
our action of a G G on / G E{C) via 

(15) v'(f)(p) =00 fo (a')-\p) =aofoa-\pe 7(a)) 

3.1. Computations. The goal of this section is to explicitly describe the map ac ■ 
E(k) — > Bi (C/k) described above in theorem 12. 1. 1L Given an element p G E(k), this 
works in the following steps: 

(1) Represent p as an element in (Picq(Ce)) g ■ 

(2) Pull this element back to a element in D p G Dwq(Ce)- 

(3) Compute the coboundary dD p as a 1-cocycle with values in Dwq(Ce)- 

(4) Realize these values as lying in principal divisors on C - i.e. for each p, a, find a 
function f Pt(T G E(C) whose divisor is dD p (a). This gives a 1-cochain f p (a) = f p>a . 

(5) Let c p = df p , and note that we may consider this as a 2-cocycle with values in E* 
(i.e. values are constant). That is to say, choosing q G C(E), we have a 2-cocycle 
c p (a, t) = c p (cr, r)(q). This is our Brauer group element. 
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It will be useful to have an explicit way to show that certain divisors are principal. We 
begin with the following definition: 

Definition 3.1.1. Suppose p, q G 8>(E). Define the function l PA e E(E) in the following 

way: 

• if p = q = oo, then l p>q = 1. 

• if p ^ g = oo, p= {xi,yi) then l m = x - x\. 

• if p,q ^ oo, p = q = (x 1 ,y 1 ), then 

l P , q ={y - yi)(2yi + a\x x + a 3 ) 

— (x — Xi)(3xl + 2a 2 Xi + a 4 — a\y\). 

• if p,q ^ oo, p ^ q, p = (x ll y 1 ),q = (x 2 ,y 2 ), then 

l P , q = {V2 - Vx)x - (x 2 - x x )y + x 2 yi - x x y 2 . 
Lemma 3.1.2. Let Pi,p 2 G £{E) , and let q = p\@ p 2 . Then 

'I, 



J P1,P2 



P1+P2- q~ £ . 



Proof. This is a routine verification. Note that l PA is the equation of a line in A 2 which 
passes through the points p, q. □ 

We now go through the above steps in sequence: 

ED For p e £(/c), we represent p by the class of the divisor p — £ G Pico(C) G 
El This is done already. The divisor is D p = p — £ . 
El Set dp = d(D p ). explicitly, we have: 

d p ( < 7) = a-T(p-0 e )-(p-0 £ ) 

= 7(<r) © a(p) - (7(a) + p) + e . 

Since p6 £(&), o~{p) = p, and so we have: 

dp{o) = 7(0-) © p + £ - 7(0-) - p. 

[H By lemma [3. 1.21 if we set 



fp,<T 



^7(o-)©p,e7Wep 



7 ' 

1 t(»),p 

we have 

(16) (f p , a ) = 7(a) © p + £ - 7(a) -p = d p (<r), 

then f p (cr) = / Pi<7 then gives a 1-cochain with values in E{C). 
[5l Let c p = df p . By standard arguments, we in fact know that this function has 
values in E. Explicitly we have: 

fp,a^fp,r (fp,a-)(Q-y(a)fp tT ) 



c p {a, t) 



fp,crr fp,ar 

Remark 3.1.3. The only relevant issue about the functions f PtCr is that their associ- 
ated principal divisor is described as in equation UR In particular, we may change the 
functions f VP by any constants and get an equivalent 2-cocycle describing c p . ♦ 
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Theorem 3.1.4. Suppose p G E(k). Then with the above notation, 

a p = (E/k,G,Cp), 
where c p is given as: c p {a, r) = 

Jp,CTT 

We gather these facts in the following application: 

Corollary 3.1.5. Suppose C is a genus 1 curve with Jacobian E, and suppose ind(C) = 
per(C). Let E/k be a Galois extension with group G, and suppose that C(E) ^ 0. Then 
the relative Brauer group Br(C/k) is given by 

(17) {[(E/k,G,Cp)]\pe E(k)}, where 

(18) c p (a,T)= {fp ' a)i f^ fp ' T \ 

Jp,CTT 

and where the function j V)(J G E(E) is defined by the expression: 

r _ ^{o-)®p,ei{a)Qp 

Jp,CT — j ! 

and the functions l PuP2 are given in definition ^. l.li 

Remark 3.1.6. In the case that the cocycle 7 G H l (E,E) has values in E(k), we may 
simplify our expression for the cocycle c p above by noting that the functions f PyCF are in 
k(E) (using their explicit description above), and hence are Galois invariant. We may 
therefore write in this case: 

j % /p,gt(©7((t) fp,Tj 



ft 



p,ar 



Remark 3.1.7. In the case that G = (a,a m ) is a cyclic group, and the values of the 
cocycle are in E(k), we may simplify our formula for c p significantly. Using the fact 
that c p is a cocycle with values in k* , One may check explicitly that in this case c p is 
cohomologous to c' where for < i, j < n we have: 



1 i + j < m 

Cp(l, l)c p (2, 1) • • ■ c p (n -1,1) i + j<n 



In particular, the central simple algebra represented by c p is the cyclic algebra 

{E, cr, c p (l, l)cp(2, 1) • • - Cp(n — 1, 1)). 

3.2. Examples. 
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3.2.1. A hyperelliptic curve. We demonstrate this formula for the relative Brauer group 
by reproducing an example of I. Han |Han03| . Let C be the hyperelliptic genus 1 curve 
given by the affine equation y 2 = ax A + 5, and suppose C(k) = 0. The Jacobian £ of this 
curve is given by the Wierstrauss equation y 2 = x 3 — Aabx. Let E = k((3), where (3 2 = b. 
We have (0, ±/3) G C(E), and so the index of C is 2 and hence is also equal to the period 
of C. Let G =< a\(J 2 > be the Galois group of Ejk. 

Note that the (non-identity) 2-torsion points of £ are exactly those points with y 
coordinate 0. These are: 

to = (0,0), t + = (0,2A), t_ = (0,-2A), 

where A 2 = Aab. In particular, we have three possibilities: A G k, A G E \ k, or A £" E. 
We will assume the second possibility holds : i.e. ab G (E*) 2 \ (k*) 2 . 

Lemma 3.2.1. Define a 1-cocycle 7 G H 1 ^, B.(E)) via ^{id) = 1,7(0") = t . Then 7 
corresponds to C viewed as a homogeneous space over £. 

Proof. This is exactly [SII99] . example 3.7, pages 293-295. □ 

We will consider the case where rk(E) = 0. In this case since the image of a is entirely 
2-torsion, im(a) = a(£(/c) 2 ), where E(k) 2 is the 2-power torsion part of E(k). On the 
other hand, since the only fc-rational nonidentity 2-torsion point is to, if there are other 
points in there must be at least a 4-torsion point. An explicit computation quickly 
shows however, that this would contradict the fact that ab is not a square (the line from 
t to the 4-torsion point would have to be tangent at the 4-torsion point, and therefore 
its slope would have to be a fourth root of 16ab). Consequently, we have 

Br(C/fc) = K> . 

By corollary 13.1.51 we have 

A = a t0 = (E/k,G,c t0 ), 
with c = c to described as above. For this example we compute explicitly: 

r : _ ^Qe®t ,e7H)eto hp, t Q £ - 

J to, id , , J-j 

'7(0-), t '0 £ ,t x 



and 

f to, a 



^/{cr)mo,ej(cr)et _ ^o £ ,o £ _ 1 



<"y{<r),to ho,to x 



Using q = t + in the formula UTI from corollary 13.1.51 and using the fact that cr(t H 
we have: 

c(id,id) = c(id,a) = c(a,id) = 1, 

1 



c{a, a) 



Aab 

Therefore, the relative Brauer group Br(C/fc) is generated by the algebra 

A = (E/k, a, -— ) = (E/k, a, -ab) = (b, -a6)_i = (b, a)_i + (b, -6)_i = (a, 6). 
Aab 

and so Bi(C/k) = {1, (a, 6)_i}. 
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3.2.2. A curve of index 5. Let £ be the elliptic curve over Q given by the equation: 

y 2 + y = x 3 - X 2 - Wx - 20. 

One may check (for example, using Pari [par] ) that the torsion subgroup of this curve 
is Z/5Z, generated by g = (5,5), and that its rank is 0. Let E/Q be any cyclic degree 
5 extension, say G = Gal(E/Q) = (o~\a 5 ). Let 7 G H X (G, E(E)) be given by 7(a) = g. 
The element 7 corresponds to a homogeneous space C for £, which is isomorphic to £ if 
and only if 7 is trivial. We will show: 

Example 3.2.2. The relative Brauer group Br(C/Q) of the curve C is cyclic generated 
by the cyclic algebra (E/Q, a, 11). In particular, if 11 is not a norm from E, then C is 
not split. 

Proof. This follows from direct computation with the above formulas. In particular, since 
for our curve, £(Q) = (g), one need only check the 2-cocycle in the image of the point g. 
One may check that for our curve, we may use the functions f g>a i given by: 

£ 1 £ X — 16 £ _ X — 16 £ _ X — 5 £ 1 

Jg,id — J- Jg,a- — 5x _ y _20 J 9^ 2 ~ 6x+y-35 ~ -5z+?/+20 •> 9,^ ~ x-5 

Using remark 13.1.61 we may express our cocycle Cg CIS 

r ;l ia\^) Iu -' A :,f "-"' ] . 

With the aid of computational software ([par], |M2| ). we may determine the functions 
Qgifq^ai- In particular, we have: 

ps f — 5x-y-20 p, „ f - 5x+y-l9 p, , f - x-5 P , f - Ib^ 

^>9Jg,° 6x+y-35 ^g 2 Jg,cr 6x _ y _ 36 ^gijg,a _ 5x _ y+19 ^g±)g,a n 

and by using 13.1.71 we may find a cohomologous cocycle 



1 if i + j < 5 
1/11 ifi + j>5 



□ 



3.2.3. An example with noncyclic relative Brauer group. Using the computer package 



Kra07| . we may construct other interesting examples by using curves of rank with 
interesting torsion subgroups. The following is the result of output from this program: 
Let £ be the elliptic curve defined over Q by the affine equation 



y 2 + xy + y = x 3 + x 2 — lOx — 10 

Let L/Q be a cyclic Galois extension with generator a of order 4. Given a torsion point 
t G E(k) of order n dividing 4, we may use it to define a homomorphism Gal(L/k) — > 
E(k) by sending the generator a G Gal (L/Q) to the torsion point t. Via the map 
Hom(Gal(L/Q), E(k)) — > H l (Q, £), this defines a principal homogeneous space C t . 

For the elliptic curve £, pari/gp tells us that £ is rank with torsion subgroup generated 
by the points (8, 18) of order 4 and (—1, 0) of order 2. 
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For the homogeneous space defined by t = 0(8,18), the relative Brauer group is 
isomorphic to Z/4 x Z/2, generated by the cyclic algebras: 

a Ct (8,18) = (L/fc, <7,405) = (L/k,a,5), 

Oc t (-l,0) = (L/k,a, -81) = (L/k, a, -1). 

For the homogeneous space defined by t — 0(— 1, 0), the relative Brauer group is isomor- 
phic to Z/2 x Z/2 generated by the cyclic algebras: 

Oc t (8,18) = (L/A;,(T,9), 

ac t (-l,0) = (L/k,(T, -9). 
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